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T H E  K I N E T I C S  OF E N Z Y M E  ACTION 

II.  T H E  TERMINAL PHASE OF T H E  REACTION 

P. A. T. SWOBODA* 

Department ot Biochemistry, University College, London (England) 

Several approximate rate equations describing the reaction scheme of MICHAELIS 
AND MENTEN 1, 

\ kl \ k_3._..__~ 
E + S = ~ - 2  ES - -  E + Q, (I) 

have been discussed in a previous paper*. These were based on certain assumptions 
as to the relative magnitudes of the concentrations of reactants. The present com- 
munication considers another approximation, where only a small fraction of the total 
enzyme concentration is combined in the enzyme-substrate complex (i.e. [EJ >~ [ESJ). 
This assumption is not necessarily valid over the entire reaction for most enzymes 
but is certainly true in the initial and in the last stages of the reaction. 

The above restriction simplifies the kinetics of reaction scheme (I) to those of 
two consecutive first order reactions with the first reaction step being reversible. 
A general treatment of the kinetics of reversible consecutive first order reactions was 
published by RAKOWSKI in 19o63. A soluble differential equation relating product 
concentration and time is obtained by the application of the law of mass action to 
reaction scheme (I) on the assumption that  the concentration of uncombined enzyme 
remains constant. 

d2x dx 
dt--- T + kt(Km + e) - ~ - - k t k s e ( a - - x  ) = o (2) 

The symbols for concentration at time t which are used in deriving equation (2) are 
[E l ----- e, [S] ----- a - x - p ,  r ES~ = p, and [Q] --- x. In the previous paper 2, new units 
of time and concentration were introduced so that  the three rate constants (kl, k 2 
and ks) might be replaced in the rate equations by a single parameter  r. The following 
nomenclature was used: a, : a / K , . ,  xs = x / K , . ,  e, ---- e /K , . "  p~ = p / K , ,  and rk  3 ---- 
k 2 + k s : k~ K . .  Thus equation (2) becomes 

d~xs dxs 
d(k3t) ~ + r ( I  + es) - - -  res(as--Xs) = o (3) dk3t 

Upon integration, equation (3) gives 

(as--Xs) = c+.exp - - r ( x  +es) + [rZ(I2 + es)z -4res]~i  kat} 

- - r ( I  + es) - -  [rZ(I + es ) i - -  4res]Vt kstl 
~ ~ ~ ~ X p  (4) 2 I 

The two constants of integration c+ and c_ call only be defined algebraically by the 

* Present  address :  Low Tempera tu re  Research Sta t ion,  Cambridge,  England .  
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bounda ry  condi t ions of the in i t ia t ion  of tile reaction,  x s =: o and Ps '= o when t = o. 
Then c~. and  c.. are given by  

r ( 7  + eD :- [r"(t + e~)~--4re~]',~ 

When  equat ion (4) is used to describe only the  last  s tages of the react ion and the 
a~ssumption !IF.'. ~ 'ESj  is not  val id  th roughout  the react ion then c._ and c_ remain  
undefined. Whe the r  the assumpt ion  is val id th roughout  the react ion m a y  be as- 
cer ta ined from a prior  knowledge of e, a and  K,.,  since the ma x imum concent ra t ion  
of the enzvme-subs t ra te  complex is necessari ly smal ler  than 2 a c / ( K , .  + e - F  a) .  

Equa t ion  (4) formulates  (a~--- x~) as the difference between a larger exponent ia l  
te rm with a small  rate  of decay  and a smaller  exponent ia l  te rm which decays  more 
rap id ly .  Both  terms are significant dur ing  the ini t ia l  phase of the  react ion bu t  towards  
the end of the react ion the. first te rm becomes dominant ,  pa r t i cu la r ly  so if the  decay  
cons tants  are of different orders of magni tude .  The coefficient of kat  in this dominan t  
exponent ia l  term has a l r eady  been discussed in the previous paper  2, as it  is the 
" l imi t ing  slope" at  the end of the  react ion of the f imction re la t ing Ps wi th  x s. 

Fig. I i l lus t ra tes  the divergence of tile present  t r e a tmen t  from the numerica l  
solution of tim complete  ra te  equat ion  for the case e, :--- I,  a s =: I and r = 2. The 
der iva t ion  of the numerica l  solut ion has been discussed in the  previous  paper  2. 
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Fig. t. Comparison for ttle case es ~ r, as = t and r ~ 2, of (l), the solution of tile differential 
equation obtained on the assumption [E] ;.. [ES], with (11), the numerical solution of the com- 

plete rate equation for tlle Michaelis-Menten reaction scheme. 

The curve for tile present  t r e a t m e n t  was ca lcula ted  from 

(7 - xs) = 7.2o7 exp(- -  0.5858 k~t) - -  0 .207 exp(- - 3.474 kal) (0) 
and 

dxs 
Ps . . . .  o.7o 7 [exp(--- 0.5858 kst) - -  exp{-. - 3-4~4 kat) i (7) 

dk~t  

by  assigning a rb i t a ry  values to k3t. As dur ing the react ion p~ becomes of comparab le  
magni tude  to e~, the values predic ted  for p~ by  equat ion (7) are higher than  those 
of the numerical  solution.  This divergence d isappears  for those cases where the  as- 
sumpt ion  ~E] ~.. ~E~! is s t r ic t ly  val id.  
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The first exponential term in equations (6) and (7) becomes increasingly dominant 
as the reaction proceeds. Above xs = o.5, the magnitude of the second exponential 
term is less than 1% of the first, and therefore p~ becomes a linear function of xs. 

PS = O.5858(1---*gs) (8) 

This "limiting slope" of the complete solution requires for its derivation no assignment 
of numerical values to the constants c+ and c_. 

MORALES A~,'D GOLDMAN 4 derived the above two-term exponential equation (4) 
to describe the product concentration during the terminal phase of the reaction, using 
however, different algebraic symbols and postulating the assumptions made in a 
different manner. They suggested that through the use of an electronic computer 
a unique set of values for the reaction parameters might be estabfished by  trial. 
However, the two constants c+ and c_ must also be considered as unknown for most 
reactions. The fact that numerical values have to be assigned to several unknowns 
in order to fit the theoretical function to experimental data, may preclude at tainment 
of reasonable accuracy. 

MORALES AND GOLDMAN 4 considered two favourable cases in which the decay 
constants reduce to simple functions of the individual rate constants. In the first case, 
where the assumption made was k, >~ (k s + kle), they suggested that one decay 
constant tends to zero and the other to - - k , .  However, it is the numerically smaller 
decay constant which produces the dominant exponential term. This smaller decay 
constant, instead of tending to zero, in fact becomes --kakte/k 2. In the second case, 
where k 3 >~ (k, + k~e), the decay constant - -k le  is again numerically much smaller 
than - - k  s and is therefore dominant over the latter. 

The similarity between the two cases is more evident if they are formulated in 
terms of specific units. In both instances (k 2 + k3) >~ kle (i.e. 1 >~ e~) and therefore 
equation (4) simplifies to 

(as - -  Xs) = c+ • exp ( - -  e s k a t  ) - -  c_  . exp ( - -  r k a t  ) (9) 

Under the first assumption r is very large (k 2 >~ k3), whilst in the second r tends 
to unity (k 3 ~/. k2). In each case e, kat ~ rk3t. 

As the stated conditions for both cases require that K,, >~ e, they may both be 
described by the BRm6S-HALDANE "steady state" approximation which at the end 
of the reaction becomes 

d (a - -  x) h3e(a - -  x) h3hle 
- -  (a - -  x) (Io) 

d t  K m k i + k a 

On integration this gives 
/ h s k t e  \ 

( a - - x )  ----- c ' e x p / - -  k . \  ~ , ks t l  (zI) 

The dominant exponential term for both cases is thus given by equation (II). Experi- 
mentally the two cases are not distinguishable from a study of the terminal phase 
of the reaction; some other criterion is required to determine the relative magnitude 
of k s and k 3. 
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SUMMARY 

A differential equation is presented describing the Michaelis-Menten scheme under the assumption 
that ZE] ~:. [ES], an approximation which is valid in the initial and in the last stages of an enzymic 
reaction. The solution of this equation relates the product concentration to a two-term exponential 
tunction in time. Under most conditions ~mly one term is significant during the terminal phase 
of the reaction. When K,n ~ [E], this dominant term is given by the Briggs-HaMane "steady 
state" approximation. 

RFFERI~NCES 

I L .  ~IICHAEI. IS AND M. L. MENTEN, Biochem. Z., 40 (1913) 333. 
2 p. A. T. S~,VOBODA, Biochim. Biophys. Acta, 23 (19.57) 70. 
a A. RAKOWSKI, Z. phys. Chem., 57 (r9o6) 32I. 
4 M. F. MORALES AND D. E. GOLDMAN, J. Anl. Chem. Soc., 77 (1955) 6069. 

Received J a n u a r y  28th, 1957 

T H E  R E A C T I O N  O F  f l - M E R C A P T O P Y R U V A T E  W I T H  

L A C T I C  D E H Y D R O G E N A S E  O F  H E A R T  M U S C L E *  

ERNEST KUN** 

Department o] Pharmacology and F.xperirnental Therapeutics, 
University o] Cali[ornia School o[ AIedicine, San Francisco, Call[. (U.S.A .) 

INTI~ODUCTION 

Recent  studies dealing with the mechanism of desulfuration of cysteine in cer ta in  
microorganisms (Kv.x et al. 1,2) suggested that  f l-mercaptopyruvic acid is a precursor 
of H2S. An enzyme system catalyzes the release of some form of sulfur from fl- 
mercaptopyruva te  which then oxidizes 2 moles of cysteine to cystine and H2S. A 
similar series of reactions has been suggested previously by MEISTER et a l )  and 
shown to occur in mammal ian  liver. These workers demonst ra ted  that  fl-mercapto- 
pyruva te  may arise by  t ransamina t ion  from cysteine. CHAT.\GNm~ aND S.\UREI- 
IGt<aZP, postulat ing an analogous mechanism, also a t t r ibu te  a central r61e to fl- 
mercaptopyruva te  in the Hvq producing mul t ienzyme system of mammal ian  liver. 
Fur thermore  the part icipat ion of f l -mercaptopyruvate  as a sulfur donor in enzymic 
t ranssulfurat ion reactions was pointed out by WOOD et a l ) ,*  who used cyanide as 
a sulfur acceptor. Since the crystalline rhodanase of S6RI~O 7 does not react with 
f l -mercaptopyruvate it is likely that  liver cells c o n t a i n  sew.'ral transsulfurases. 

This apparent ly  manifold r61e of f l -mereaptopyruvate  in in termediary  metabo- 
lism led to a search for further enzymic reactions which this substance may undergo. 
As a part of this s tudy this paper describes the reaction of reduced diphospho- 
pyridine nucleotide (DPNH) and crystalline lactic dehydrogenase (LDH) with 
f l -mercaptopyruvate.  

* This investigation was supported by research grants of the U.S. Public Health Service 
(Heart, H-2897 and Cancer, C32I ~). 
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